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What is inflammation?

It’s the biological response of an organism to harmful stimuli, such as
pathogens, damaged cells, stress etc.
Its aim is to eliminate the threat and promote quick healing.

Why is it relevant to understand how inflammation works?

A dysregulation of the inflammatory response can give rise to a vast range
of chronic and debilitating diseases
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What is the aim of our work?

Inflammation is related to the presence of a high concentration of
macrophages, which can result in the formation of skin rashes. Our
objective is to elucidate the patterns that emerge within this system.

We are going to:

1. Construct a model

2. Analyze the stability of the homogeneous steady state

∗ Turing instability
∗ Hopf instability

3. Perform a numerical simulation in 1D

4. Show some possible 2D patterns
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We present a model of the dynamics in inflammation processes,
specifically designed to represent cutaneous inflammatory reactions. The
model involves 3 species of the inflammatory system:

1. Macrophages m (immune cells)

2. Chemokines c (chemoattractants)

3. Anti-inflammatory cytokines a

The two types of signalling molecules (chemokines and cytokines) are both
produced by macrophages; the first is an attractor for immune cells (it
activates and recruits other macrophages), the second is an inhibitor
(quenches the inflammatory activity).
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Biological Background
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Chemotaxis: is a biological process in which organisms or cells move
towards or away from chemical stimuli. It is a universal phenomenon
observed in bacteria, single-celled eukaryotes, and multicellular organisms.

How it works:

Detection: the cells detect chemical gradients through chemoreceptors

Response: binding of attractants or repellents triggers intracellular
signals

Action: this alters cellular motility, affecting cytoskeletal dynamics and
adhesion
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The Keller Segel model
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Goal: utilize the Keller-Segel chemotaxis model and enrich it to highlight
the action of anti-inflammatory cytokines in inflammation processes.

mt = ∇ · (k1(m, c)∇m− k2(m, c)∇c) ,

ct = Dc∇2c− k3(c)c+mf(c).

Handle with care: existence and regularity of solutions depend on the
chemotactic term k2(m, c): for many natural choices the solutions could
blow up in two dimensions.
ex: for k2(m, c) = m the solutions blow up in 2D domains.
T. Hillen and K. J. Painter, (2009)
It has been shown that the inclusion of a limited-growth chemotactic
term or a logistic-type reaction term has a blow-up-inhibiting effect.
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Our modified version of the model

V. A. Isoldi, I. Pellegrinelli (UniTrento) Mathematical Biology a. a. 2023-24 12 / 53



We propose the following three-variable PDE system:

Activated macrophages
m(x, t) mt = ∇ ·

(
Dm∇m− χm

(1+αc)2
∇c
)

Pro-inflammatory chemokines
c(x, t)

ct = Dc∆c− c+ m
1+βaρ

Anti-inflammatory cytokines
a(x, t)

at =
(
Dc∆a− a+ m

1+βaρ

)
1
τ
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Dm and Dc are the diffusion coefficients, respectively for macrophages and
for the signalling molecules that they produce.
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χ represents the maximal chemotactic rate for the macrophages.
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The constants β and ρ modulate the inhibitory effect of anti-inflammatory
cytokines.
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Macrophages are attracted by the chemokines signal, but the saturation of
cell receptors leads to a decrease in the rate of attraction. Following the
principle of chemotaxis, the macrophages detect the chemokine signal and
migrate towards higher concentrations of chemokine, moving up the
chemical gradient.
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Activated macrophages
m(x, t) mt = ∇ ·

(
Dm∇m− χm

(1+αc)2
∇c
)

Pro-inflammatory chemokines
c(x, t)

ct = Dc∆c − c+ m
1+βaρ

Anti-inflammatory cytokines
a(x, t)

at =
(
Dc∆a − a+ m

1+βaρ

)
1
τ

The term −c (respectively −a) indicates the natural decay or removal rate
of chemokines (respectively cytokynes) from the environment. The fraction
m

1+βaρ is related to the production and decay of signalling molecules. Both
the production and decay of the pro-inflammatory chemokine and the
anti-inflammatory cytokine are represented by identical terms, but the
anti-inflammatory cytokine’s response is governed by a timescale τ > 1,
considered as a variable parameter.
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The system:

mt = ∇ ·
(
Dm∇m− χm

(1+αc)2
∇c
)
,

ct = Dc∆c− c+ m
1+βaρ ,

at =
(
Dc∆a− a+ m

1+βaρ

)
1
τ .

becomes precisely a two-variable Keller-Segel type model:

mt = ∇ · (k1(m, c)∇m− k2(m, c)∇c) ,

ct = Dc∇2c− k3(c)c+mf(c).

when the parameter τ has value 1, and in this case the concentrations of

chemokine c and cytokine a exhibit identical dynamical behaviour. The
inclusion of receptor saturation in the chemotactic term ensures bounded
solutions and prevents explosive growth.
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We will assume the following:

1. One-dimensional domain Ω.

2. No flux of macrophages, chemokines or cytokines through the
boundary of the domain (Neumann’s conditions).
∇m = ∇c = ∇a = 0 on ∂Ω.

3. Dm, Dc, χ, α, β, ρ ≥ 0, τ > 1.

In finite domains, for simulation purposes, the total quantity of
macrophages will be denoted as:

M =

∫
Ω
m(x, t)dx.

Instead, in the cases in which the domain is boundless, there exists an
endless number of macrophages.
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Idea: examine the homogeneous steady-state solution

(m, c, a) = (m0, a0, c0).

mt = ∇ ·
(
Dm∇m− χm

(1+αc)2
∇c
)
,

ct = Dc∆c− c+ m
1+βaρ ,

at =
(
Dc∆a− a+ m

1+βaρ

)
1
τ .

↓
c0 = m0

1+βaρ0
,

a0 = m0

1+βaρ0

which uniquely determines a positive solution a0 as a function of m0 for any
non-negative values of ρ and β.
When ρ = 1 the solution becomes

a0 =
−1 +

√
1 + 4βm0

2β
.
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a0 =
−1 +

√
1 + 4βm0

2β
.
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We reparametrize the homogeneous solution using a0 in place of m0:

P0 := (m0, c0, a0) = (a0(1 + βaρ0), a0, a0).

Important: The total macrophage population is conserved in our model,
implying that once we fix the total population M , we also set m0.
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Linearization

V. A. Isoldi, I. Pellegrinelli (UniTrento) Mathematical Biology a. a. 2023-24 27 / 53



To study the stability of the homogeneous states, we linearize the system:

∂

∂t

mc
a

 =

Dm
−χa0(1+βaρ0)

(1+αa0)2
0

0 Dc 0

0 0 Dc
τ

∆

mc
a

+


0 0 0
1

1+βaρ0
−1

−βρaρ0
1+βaρ0

1
τ(1+βaρ0)

0 − 1
τ

(
1+β(1+ρ)aρ0

1+βaρ0

)

mc
a

 .

Looking for solutions of the form (m̂, ĉ, â)(x, t) = eλtΦk(x), we substitute
and obtain the eigenvalue problem:

λ

m̂ĉ
â

 = A(k)

m̂ĉ
â

 ,
with

A(k) =


−k2Dm

k2χa0(1+βaρ0)

(1+αa0)2
0

1
1+βaρ0

−1− k2Dc − βρaρ0
1+βaρ0

1
τ(1+βaρ0)

0 − 1
τ

(
1+β(1+ρ)aρ0

1+βaρ0
+ k2Dc

)
 .
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Theorem (V. Giunta, M.C. Lombardo, M. Sammartino)

If k = 0, then the homogeneous equilibrium P0 is linearly stable

Without diffusion and chemotaxis, P0 is stable.

Theorem (V. Giunta, M.C. Lombardo, M. Sammartino)

If χ = 0, then the homogeneous equilibrium P0 is linearly stable

The linear diffusion is not able to destabilize P0. Chemotaxis is the
only potentially destabilizing mechanism.
Hereafter, we shall assume χ 6= 0
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Let’s indicate with λ a generic eigenvalue of A(k).

if Re(λ) < 0 for all λ and all k, then the homogeneous state remains
stable.

if ∃ λ such that Re(λ) > 0 for any given k, then the homogeneous
state reaches instability (we will see which kind...).

↓

We have to analyze the eigenvalues of A(k)
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Study of eigenvalues
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In order to analyze the eigenvalues of the linearized system’s matrix A(k),
Gershgorin’s theory can be used. Let’s recall the following:

Theorem (Gershgorin)

Let A ∈ Rn×n (or Cn×n), then:

Spec(A) ⊆
n⋃
i=1

Ki ⊆ C

where Ki := {α ∈ C | |aii − α| ≤
∑

j 6=i |aij |} is called the i-th Gershgorin
disc.
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For the matrix A(k), the Gershgorin discs corresponding to rows i = 1, 2, 3
are defined as:

i = 1 :
∣∣λ+ k2Dm

∣∣ ≤ k2χa0(1 + βaρ0)

(1 + αa0)2
,

i = 2 :
∣∣λ+ 1 + k2Dc

∣∣ ≤ 1,

i = 3 :

∣∣∣∣λ+
1

τ
[1 + β(1 + ρ)aρ0] + k2Dc

∣∣∣∣ ≤ 1

τ(1 + βaρ0)
.

Considering ρ = 1 in our computational experiments, discs for i = 2, 3 never
contain 0, regardless of any parameter value. However, for i = 1, the
inclusion of 0 occurs if and only if:

χa0(1 + βaρ0)

Dm(1 + αa0)2
> 1.

Lower a0 (and hence m0) values or reduced χ
Dm

(weaker chemoattraction)
−→ NO pattern formation.
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To proceed further in our examination, we are going to utilize
Routh-Hurwitz theory.

Routh–Hurwitz stability criterion

Given the polynomial

P (λ) = λn + a1λ
n−1 + · · ·+ an−1λ+ an,

where the coefficients ai are real constants, i = 1, . . . , n, define the n
Hurwitz matrices using the coefficients ai of the characteristic polynomial:

H1 =
[
a1

]
, H2 =

[
a1 1
a3 a2

]
, H3 =

a1 1 0
a3 a2 a1

a5 a4 a3

 ,
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Routh–Hurwitz stability criterion

and in general

Hn =


a1 1 0 · · · 0
a3 a2 a1 · · · 0
a5 a4 a3 · · · 0
...

...
...

. . .
...

0 0 0 · · · an

 ,
where aj = 0 if j > n. All the roots of the polynomial P (λ) are negative or
have negative real part if and only if the determinants of all Hurwitz
matrices are positive:

detHj > 0, j = 1, 2, ..., n.

In particular, for n = 2, this is equivalent to a1 > 0, a1a2 − a3 > 0 and
a3 > 0.

V. A. Isoldi, I. Pellegrinelli (UniTrento) Mathematical Biology a. a. 2023-24 35 / 53



Let P(λ) = λ3 +N(k)λ2 + P (k)λ+Q(k) be the characteristic polynomial.
From Routh-Hurwitz criterion, all roots have negative real part if and only if:

a) N > 0 (in our case, always),

b) Q > 0 and

c) R := NP −Q > 0.

We negate b). If Q < 0, the system admits a single positive eigenvalue.

Theorem

The system admits a Turing instability if there exists K > 0 such that
Q(K) < 0.

We have proved that:

∃χT > 0 such that for χ > χT Q(k) < 0 in some range [k1, k2].

χT is the Turing bifurcation threshold
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Similarly, we can negate c) (i.e. asking for R < 0). By doing so, we find
that:

For τ sufficiently large, ∃χH > 0 such that for χ > χH

R(k) < 0 in some range [k̂1, k̂2].

χH is the Hopf bifurcation threshold

Warning: we must note that χT is constant in τ , whereas χH(τ) is a
function of τ .
Note also that there could exist values of k for which Q(k)R(k) < 0.
This asymmetry leads to a bifurcation diagram.
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Bifurcation diagram
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We divide our spatial domain of length 100 using a grid of 201 points, with
spatial step ∆x = 0.5.

Discretization with a finite-difference scheme: i = 0, . . . , 199, fi = χmi
(1+αci)2

d

dt
mi =

Dm

∆x2
(mj+1 +mj−1 − 2mj)

− (fj+1 + fj)(cj+1 − cj)− (fj + fj−1)(cj − cj−1)

2∆x2
,

d

dt
ci =

Dc

∆x2
(cj+1 − 2cj + cj−1)− cj +

mi

1 + βapj
,

d

dt
ai = (

Dc

∆x2
(aj+1 − 2aj + aj−1)− aj +

mi

1 + βapj
)
1

τ

Periodic conditions:
(m200+j , c200+j , a200+j)(t) = (mj , cj , aj)(t) for j = −1, 0.
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(1+αci)2

d

dt
mi =

Dm

∆x2
(mj+1 +mj−1 − 2mj)

− (fj+1 + fj)(cj+1 − cj)− (fj + fj−1)(cj − cj−1)

2∆x2
,

d

dt
ci =

Dc

∆x2
(cj+1 − 2cj + cj−1)− cj +

mi

1 + βapj
,

d

dt
ai = (

Dc

∆x2
(aj+1 − 2aj + aj−1)− aj +

mi

1 + βapj
)
1

τ

Periodic conditions:
(m200+j , c200+j , a200+j)(t) = (mj , cj , aj)(t) for j = −1, 0.
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Initial conditions:

m(x, 0) = m0 = 10, a(x, 0) = 5, c(x, 0) = 5 + ξ(x)

where ξ(x) indicates a uniformly distributed random variable in (−0.1, 0.1).

Selecting values of χ and τ in different areas of the bifurcation
diagram, we are able to notice very different behaviours of solutions.
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Representation of m(x, t)
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Why is this model useful?

Let’s compare some 2D simulations with clinical data.
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How could the model be improved?
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Thank you for your attention.

”Like the dynamic patterns in inflammation, may our knowledge continue to
evolve and spread...”
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